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Abstract—In the active vibration reduction of two-dimensional 

structures, piezoelectric actuators of regular shapes, e.g. 

rectangular, circular, are commonly used. However, the shape of 

the transducers can be irregular, asymmetric (a-PZT), and its 

geometry can be an object for optimization. The paper presents an 

experimental validation of the application of optimal shaped a-

PZT in the active reduction of triangular plate vibrations. 

Optimization was based on the criterion of the maximum bending 

moment. This means that the center of a-PZT is located at the point 

where the bending moment of the plate has reached its absolute 

maximum. The isosceles right triangular plate with simply 

supported edges was chosen as the research object. The research 

confirms the validity of the criterion used for optimization and may 

be an introduction to considering the use of optimal a-PZT in the 

active reduction of vibrations for more complex structures. 

Keywords—triangular plate, active vibration reduction, AVC, 

open-loop control 

 

 

I. INTRODUCTION 

ECHANICAL vibrations of the structure may affect its 

damage or expose people to direct or indirect danger. To 

reduce unwanted vibrations, passive and active methods are 

used. In the group of active methods, a new branches can be 

specified according to the type of actuator used. One of the 

commonly used actuators in active vibration reduction is the 

piezoelectric actuator.  

There are many research papers in which PZT has been used 

to reduce vibrations. The effectiveness of vibration reduction is 

influenced by many factors related to the actuator, e.g. the place 

of its gluing on the structure or the voltage supplying the 

transducer. The geometry of the PZT is also significant. In [1] 

Wang presented optimization procedure of electrode shape for 

piezoelectric composite transducers. This approach improves 

actuator performance. In this research, actuators with regular 

shapes were studied, while the shape of the electrode was 

irregular. Zhang et. al. [2] investigated topology optimization of 

the electrode coverage over PZT patches. As the objective 

function was taken the total energy consumption so the goal was 

to find the minimum amount of energy that would provide a 

given level of vibration reduction. Another trend in the use of 

PZT for active vibration reduction are MFC actuators. MFC 
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actuators – just like common PZT transducers – can be 

manufactured in any shape. Hence, the shape optimization 

procedure for this type of actuators would also be reasonable. 

Leniowska and Mazan [3] used MFC star-shaped actuators to 

suppress vibrations of a circular plate. MFC actuators were also 

studied by Rzepecki et al. [4] in a semi-active system to reduce 

vibrations of a rectangular plate. Donoso and Sigmund [5] 

presented the optimization of the width and thickness of the 

actuator in the active reduction of beam vibrations. The work 

assumes that the PZT layer covers the entire beam, so the 

piezoelectric material is distributed along the length of the 

structure. The thickness of the PZT was considered in terms of 

the thickness of the actuator layers. Wiciak and Trojanowski 

[6],[7] numerically investigated piezoelectric sensor-actuator 

hybrid for different shapes of the actuator/sensor parts. The 

tested shapes were square- or disc-based with a hole cut out for 

the sensor. 

The paper aims to experimentally investigate the influence of 

various shapes of piezoelectric actuators on the effectiveness of 

vibration reduction. For this purpose, the parameters of the 

open-loop frequency response function were used. It was 

indicated which shape of the PZT - from among the selected 

ones - is the most effective. Actuators with standard and 

commonly used shapes were selected for comparison: square (s-

PZT) and circular (c-PZT). The third PZT compared was 

defined as the asymmetric actuator (a-PZT). The theoretical 

model of a-PZT was initially presented for the one-dimensional 

case (beam vibrations) in [8], and then extended to plate 

vibrations in [9]. The shape of a-PZT results from analytical and 

numerical calculations presented in [9]. 

II. THEORY 

The governing equation of transverse vibration of triangular 

plate is based on Kirchhoff’s classical small deflection theory 

[10], [11], 

 𝐷∇4𝑤(𝑥, 𝑦, 𝑡) + 𝜚ℎ
𝜕2𝑤(𝑥,𝑦,𝑡)

𝜕𝑡2 = 𝑓(𝑥, 𝑦, 𝑡) (1) 

In the steady state the equation takes the form [10], 

 𝐷∇4𝑤(𝑥, 𝑦) −
𝜚ℎ𝜔𝑓

2

𝐷
𝑤(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) (2) 

where 𝑓  – external forces, 𝑤  – transverse displacement of 

the plate, 𝜔𝑓 – excited frequency, 𝜚 – density of the plate, 
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ℎ  – thickness, 𝐷 =
𝐸ℎ3

12(1−𝜈2)
 – flexural rigidity, 𝐸 – Young’s 

modulus, 𝜈 – Poisson’s ratio of the plate. 

 

 

The subject of the research was simply supported right 

triangular plate, so the boundary conditions can be expressed 

as, 

𝑤(𝑥, 𝑦) = 𝑀𝑥(𝑥, 𝑦) = 0     for          𝑥 = 0 
𝑤(𝑥, 𝑦) = 𝑀𝑦(𝑥, 𝑦) = 0     for          𝑦 = 0  (3) 

𝑤(𝑥, 𝑦) = 𝑀ℎ(𝑥, 𝑦) = 0     for          𝑦 = 1 − 𝑥 

 

where 𝑀𝑥 = −𝐷 (
𝜕2𝑤

𝜕𝑥2 + 𝜈
𝜕2𝑤

𝜕𝑦2 ), 𝑀𝑦 = −𝐷 (
𝜕2𝑤

𝜕𝑦2 + 𝜈
𝜕2𝑤

𝜕𝑥2 ), 

and the expression for 𝑀ℎ is the bending moment along the 

hypotenuse, 𝑀ℎ = −𝐷 (
𝜕2𝑤

𝜕ℎ2 + 𝜈
𝜕2𝑤

𝜕𝑛2 ), ℎ – axis along the 

hypotenuse, 𝑛 – axis perpendicular to the hypotenuse. 

 An external excitation is in the following form 

 

 𝑓(𝑥, 𝑦) = 𝑓0𝛿(𝑥 − 𝑥0, 𝑦 − 𝑦0) (4) 

 

 where 𝑓0 – amplitude of the exciting force, x0 = (𝑥0, 𝑦0) – 

point of applying the exciting force. 

The free vibration problem was solved by the superposition 

method presented in [12]–[15]. The simply supported right 

triangular plate case is the subject of [14] and the calculated 

eigenvalues are exactly the same as in the mentioned article. 

III. MODEL OF A-PZT 

The PZT-plate interaction model for a rectangular and 

circular actuator is commonly known and presented, for 

example, in [16]–[19]. The theoretical model of the asymmetric 

actuator results from the assumption that the arms of the a-PZT 

(and thus also the arms of the pairs of forces) are not equal and 

the second assumption: both moments of the pairs of forces are 

equal [8], [20]. This makes an asymmetry in the structure of the 

a-PZT. An important conclusion of the aforementioned papers 

is also the indication of a new criterion in the problem of 

location the actuator on a vibrating structure. In the case of 

asymmetrical vibrations, it is justified to use the maximum 

bending moment criterion, i.e. the point connecting both 

actuator arms should be located at the point where the bending 

moment reaches its absolute extreme.  

Optimization of the length of each arm for the one-

dimensional case does not change the shape of the actuator, but 

only the location of its edges in relation to the point of the 

maximum bending moment. However, for the two-dimensional 

case, the optimization of each actuator cross-section (in other 

words: each PZT fiber) leads to an irregular, asymmetric shape 

of the a-PZT, which will most effectively reduce the vibrations 

of the structure. The process of a-PZT construction from PZT 

fibers is shown in Fig. 1. 

 

 

Fig. 1. The idea of constructing a-PZT 

 

The model of the interaction of arbitrary a-PZT fiber on the 

plate can be described by, 

 

 2𝑀𝑘 = 𝑀1𝑘 + 𝑀2𝑘 = 𝑓1𝑘ℓ1𝑘 + 𝑓2𝑘ℓ2𝑘 (5) 

 

where ℓ1𝑘 , ℓ2𝑘 are the arm lengths of the asymmetric fibre. 

The bending moments can be written as two pairs of forces, 

 

 

𝑀1𝑘 + 𝑀2𝑘 = 𝑓1𝑘𝛿(𝑥 − 𝑥1𝑘 , 𝑦 − 𝑦1𝑘) +

−(𝑓1𝑘 + 𝑓2𝑘)𝛿(𝑥 − 𝑥𝑎, 𝑦 − 𝑦𝑎) +

𝑓2𝑘𝛿(𝑥 − 𝑥2𝑘, 𝑦 − 𝑦2𝑘)
 (6) 

 

where 𝑘 – number of PZT fibres in the a-PZT, 𝑓1𝑘 , 𝑓2𝑘 – 

forces due to a fibre, (𝑥1;𝑘 , 𝑦1;𝑘), (𝑥𝑎, 𝑦𝑎), (𝑥2;𝑘, 𝑦2;𝑘) – points 

of applying forces of a fibre. 

The interaction of one a-PZT fiber on the plate is described 

by Eq. (6). To describe the interaction of the complete actuator 

on the plate, the actions from all fibers must be summed up. The 

theory of obtaining an asymmetric a-PZT shape for a two-

dimensional structure is described in detail in [9]. 

Based on the pattern of the asymmetric actuator consisting of 

PZT fibers, three shapes of transducers were determined (see 

Fig. 2). The sum of the lengths of all fibers was constant for each 

case, the values of the bending moments were the same. The 

asymmetry of the arm length of each fiber was optimized. The 

place of gluing the actuator on the surface of the plate is shown 

in the Fig. 3. 

 

Fig. 2. Three actuators: s-PZT (left), c-PZT (center), a-PZT (right) 
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Fig. 3. The location of gluing the actuators on the plate surfaces 

 

IV. CALCULATING THE MODAL VISCOUS DAMPING FACTOR 

Using modal analysis procedure, one can express the 

transverse displacement of the plate as [10], 

 

 𝑤(𝑥, 𝑦, 𝑡) = ∑ 𝑤𝑛(𝑥, 𝑦)𝜂𝑛(𝑡)∞
𝑛=1  (7) 

 

where 𝑤𝑛(𝑥, 𝑦) is the 𝑛-th mode shape of the plate and 

𝜂𝑛(𝑡) denotes the generalized displacement. The mode shapes 

satisfy the orthogonality condition and can be normalized as 

follows, 

 ∫ 𝜚ℎ𝑤𝑛
2𝑑𝑥𝑑𝑦 = 1

⬚

Ω
 (8) 

where Ω denotes triangular domain of the plate. By using the 

normalized mode shapes and substituting Eq. (7) to Eq. (1) one 

can obtain [10], [19], 

 �̈�𝑛(𝑡) + 𝜔𝑛
2𝜂𝑛(𝑡) = 𝑄𝑛(𝑡) (9) 

where 𝑄𝑛(𝑡) is the generalized force and is given by, 

 𝑄𝑛(𝑡) = ∫ 𝑤𝑛(𝑥, 𝑦)𝑓(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦
⬚

Ω
 (10) 

Modal viscous damping factor ζ can be included in Eq. (9), 

 �̈�𝑛(𝑡) + 2𝜁𝜔𝑛�̇�𝑛(𝑡) + 𝜔𝑛
2𝜂𝑛(𝑡) = 𝑄𝑛(𝑡) (11) 

The damping represents numerous dissipation mechanisms in 

the structure. These mechanisms are generally poorly known. 

One of the damping hypotheses is called the Rayielgh 

hypothesis and it assumes that damping is proportional to the 

inertia and to the stiffness, 

 

 𝜁𝑛 =
1

2
(𝛼𝜔𝑛 +

𝛽

𝜔𝑛
) (12) 

The paper assumes that ζ is proportional to inertia only. 

Hence, the ζ calculation procedure consists of determining the 

damping coefficient for the lowest natural frequency of the 

system by measuring (from the logarithmic decrement) the 

damping of adjacent, decreasing peaks. It boils down to 

determining the upper envelope of the damped vibration signal, 

see Fig. 4, 

 𝜁 =
𝛿

√𝛿3+(2𝜋)2
 (13) 

where 𝛿 = ln
𝑥0

𝑥1
, 𝑥0 and 𝑥1 are amplitudes of any two adjacent 

peaks. 

 

 

Fig. 4. Logarithmic decrement of an example function 

 

V. EXPERIMENTAL SETUP 

The experimental setup consists of a laptop with MATLAB 

software, the NI USB-6212 Multifunction I/O Device with BNC 

connectors, a power amplifier and a laser-optical sensor (Fig. 5, 

6). As part of this article, a program was created that generates 

a sine wave with a given amplitude and frequency with 10 kS/S 

sample rate. This signal goes to the NI device, then passes 

through the power amplifier and powers the actuator. 

Simultaneously, the measurement data is read by the optoNCDT 

optoelectronic sensor. The analog signal from the sensor is sent 

via the NI DAQ to the PC and the data is saved. The sensor 

measures plate vibrations with a sample rate up to 20 kS/s. The 

measuring range of the sensor is 2 mm. The program works in 

such a way that a sine wave is generated for 3 seconds, then the 

program pauses for 1 second. From the middle part of the data 

(between 1st and 2nd second) the amplitude of vibrations read 

from the sensor is calculated. At this point, the frequency of the 

sine wave supplying the actuator increases by the set value and 

the measurement cycle is repeated. 

 

 

 

 

Fig. 5. Laboratory setup 
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Fig. 6. The photographs of the laboratory setup. 

 

Figure 7 shows an experimental realization of the simply 

supported boundary condition of the plate. All edges of the plate 

have been chamfered at 30-degree angle. The plate mounting 

consists of two parts and has been designed in such a way that, 

after screwing the two parts together, the plate lies simply 

supported in the 90-degree milled groove. 

 

 

Fig. 7. Cross-section of the plate mounting and the plate that lies in the 

milled groove. 

 

Figure 8 shows the three tested actuators. The actuators were 

designed on the basis of [9] and manufactured by  

Bimitech Inc. The transducers were glued to the surface of the 

plate with a two-component epoxy adhesive. 

 

 

Fig. 8. Three tested PZTs: s-PZT (top), c-PZT (center), a-PZT (bottom). 

Due to the fact that piezoelectric actuators must be glued to 

the structure in a permanent method, three identical 1 mm thick 

stainless steel plates were made for the purposes of the 

experiment. Thus, on one plate s-PZT was glued, on the other c-

PZT, on the third a-PZT. 

 

VI. EXPERIMENTAL RESULTS 

As part of the experiment, the modal viscous damping factor 

of the plate was calculated and the frequency response of each 

actuator acting in an open-loop control was determined. 

 

A. Viscous Damping Ratio 𝜁 

The viscous damping ratio was calculated for one of the plates. 

The plate with s-PZT was chosen. For this purpose, the 

frequency response for a narrower frequency range was 

collected. The measurement time was also extended so as to 

save the data after turning off the PZT to get the time interval in 

which the vibrations vanish. 

 

 

Fig. 9. Readout from the vibration sensor when using c-PZT (left) and 

envelope of the damped signal (right). 

The 𝛽 coefficient obtained from the interpolation of the signal 

envelope was determined and its value is 𝛽 = 19.4955. 

Therefore, the viscous damping ratio ζ was calculated, the 

measurement was made for the frequency 𝑓 = 278 Hz. 

 

 𝜁 =
𝛽

2𝜔𝑛
= 5.5809 e-3 (14) 

 

The frequency 𝑓 = 278 Hz results from experimental 

identification of the model and this was the first natural 

frequency of the tested triangular plate. 

B. Open-loop FRF 

For each of the actuators, an open-loop frequency response 

was found between the voltage applied to the transducer and the 

voltage read by the sensor. The signal from the sensor 

corresponded to the transversal displacement of the plate at the 

same point for all of the plates.  

Each of the actuators was supplied with the same voltage, then 

the frequency was changed by 1 Hz and the open loop amplitude 

was readout. The supply voltage for all three PZTs was 60 V. 

 

 

Fig. 10. Open-loop frequency response scheme. 

Figure 11 shows the frequency response for the three tested 

actuators. The first resonant frequency was approx. 278 Hz for 

all plates, the lowest frequency response in the entire tested 

range was noted for the plate with c-PZT. 
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Fig. 11. Open-loop frequency response for the actuators. 

In [9], the efficiency of the same actuators was investigated 

numerically for a steady state. The results were expressed in the 

vibration reduction coefficient, which was the difference 

between the largest amplitude without acting PZT and the 

amplitude after PZT acting, referred to the amplitude without 

active damping. This coefficient was expressed as  

a percentage. The results are as follows: 

1) for a-PZT – 99.69 % 

2) for c-PZT – 97.70 % 

3) for s-PZT – 97.43 % 

 

CONCLUSION 

The paper describes the experimental studies of actuators of 

three different shapes applied to the active reduction of 

vibrations of a triangular plate. The article complements the 

theoretical considerations presented in previous publications 

and presents their experimental validation. Based on the 

research made, the following conclusions can be drawn: 

1) The frequency response of a-PZT is greater in almost 

the entire range than the other actuators. Thus, it can be 

concluded that a-PZT is has the highest efficiency among 

the tested transducers. 

2) The c-PZT has the smallest frequency response in the 

tested range. The efficiency of vibration reduction differs 

significantly from the efficiency obtained in [9]. This can 

be explained by the fact that each of the plates – although 

of the same dimensions and made in the same way – is 

slightly different from the others. Minimal changes related 

to the tolerance of the cutting device could affect the 

stability of the boundary conditions on part of the edge, 

which affected the results. In any case, this response is 

smaller than a-PZT, which makes c-PZT less effective. 

3) Viscous damping ratio for the tested frequency was 

5.5809e-3. This result is in line with the literature –  

ζ < 0.01 for metals in elastic range [21]. 

 

The study confirms the justification of using a-PZT in the 

active reduction of plate vibrations and the need to optimize the 

shape of the actuator to achieve the highest efficiency of 

vibration reduction. 
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